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Abstract
We determine the 5-modular character table of the sporadic simple Harada–Norton group HN and its
automorphism group HN.2 using The Meat-Axe and condensation.
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1. Introduction and results
In this paper we construct the 5-modular character table of the Harada–Norton sporadic simple
group HN and its automorphism group HN.2. Our work is a contribution to the ongoing modular
Atlas project, which collects all modular character tables of groups given in the Atlas of finite
groups, see [WTP+98].
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The degrees of the irreducible 5-modular characters of HN
i ϕi (1) i ϕi (1) i ϕi (1)
1 1 9 69 255 17 653 125
2 133 10 84 798 18 656 250
3 626 11 131 747 19 656 250
4 2451 12 145 275 20 2 131 250
5 6326 13 170 258 21 2 375 000
6 8152 14 335 293 22 2 678 125
7 9271 15 638 571 23 3 200 000
8 54 473 16 784 379 24 4 156 250
Table 2
The decomposition matrix of the block of defect 1
ϕ17 ϕ20 ϕ22 ϕ23
653 125 1 . . .
2 784 375 1 1 . .
3 200 000 . . . 1
4 809 375 . 1 1 .
5 878 125 . . 1 1
The Harada–Norton sporadic simple group HN has order 273 030 912 000 000 = 214 · 36 · 56 ·
7 · 11 · 19. It was discovered as the centralizer of a particular element of order 5 in the Monster,
see [Nor75] and [Har76]. The group HN acts on a 5-modular vertex algebra that is obtained
as a subquotient of the Monster vertex algebra, see [Ryb96], [BR96], and [Bor98]. The vertex
algebra provides an infinite sequence of 5-modular characters of HN that correspond to the head
characters of the Monster, see [Ryb96]. The decomposition of these 5-modular characters into
the irreducible 5-modular characters of HN can now be determined using the information we give
in this paper.
The degrees of the irreducible 5-modular characters ϕ1, . . . , ϕ24 of HN are listed in Table 1.
For the irreducible 5-modular characters of HN.2 the degrees are easily computed: All irreducible
5-modular characters of HN, except the pair ϕ18, ϕ19 of degree 656 250, extend to give two irre-
ducible modular characters of HN.2 of the same degree, and ϕ18, ϕ19 fuse to give a character of
HN.2 of degree 1 312 500.
The irreducible modular characters ϕ1, . . . , ϕ16 of HN belong to the principal block,
ϕ17, ϕ20, ϕ22, ϕ23 belong to the unique block of defect one and ϕ18, ϕ19, ϕ21, ϕ24 belong to blocks
of defect zero. The decomposition matrix for the principal block is given in Table 3, the one for
the block of defect one in Table 2. Note that we follow the custom of replacing zero entries in
matrices by a dot. For the decomposition matrices of HN.2, see Tables 12 and 13 at the end of
this note.
Our computation of the character tables of HN and HN.2 begins in both cases with the con-
struction of a collection of small matrix representations over the field GF(5). We continue our
work by applying condensation to determine the composition factors of tensor products and sym-
metrizations of these small matrix representations. A new criterion, developed in [Noe05], which
exhibits generating sets for certain Hecke algebras, allows us to determine these composition fac-
tors without any additional character theoretic argument.
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The decomposition matrix of the principal block
ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 ϕ6 ϕ7 ϕ8 ϕ9 ϕ10 ϕ11 ϕ12 ϕ13 ϕ14 ϕ15 ϕ16
1 1 . . . . . . . . . . . . . . .
133 . 1 . . . . . . . . . . . . . .
133 . 1 . . . . . . . . . . . . . .
760 1 1 1 . . . . . . . . . . . . .
3344 1 2 1 1 . . . . . . . . . . . .
8778 . . 1 . . 1 . . . . . . . . . .
8778 . . 1 . . 1 . . . . . . . . . .
8910 . 1 . 1 1 . . . . . . . . . . .
9405 1 1 . . . . 1 . . . . . . . . .
16 929 . . . 1 1 1 . . . . . . . . . .
35 112 1 1 1 1 1 2 1 . . . . . . . . .
35 112 1 1 1 1 1 2 1 . . . . . . . . .
65 835 . 1 1 1 . 1 . 1 . . . . . . . .
65 835 . 1 1 1 . 1 . 1 . . . . . . . .
69 255 . . . . . . . . 1 . . . . . . .
69 255 . . . . . . . . 1 . . . . . . .
214 016 . 2 1 2 1 1 . 2 . 1 . . . . . .
267 520 1 2 1 1 2 3 2 1 1 1 . . . . . .
270 864 1 2 3 1 . 2 1 2 . . 1 . . . . .
365 750 . . . . 4 2 1 . . 2 . 1 . . . .
374 528 1 . 1 . . 1 1 1 . . 1 . 1 . . .
374 528 1 . 1 . . 1 1 1 . . 1 . 1 . . .
406 296 . 2 2 2 3 4 1 2 . 1 . 1 . . . .
718 200 . 1 1 2 2 2 1 2 . 1 . 1 . 1 . .
718 200 . 1 1 2 2 2 1 2 . 1 . 1 . 1 . .
1 053 360 . 1 2 . . . . 4 . 1 2 1 2 . . .
1 066 527 . 1 2 1 1 2 1 3 . 1 1 1 1 1 . .
1 066 527 . 1 2 1 1 2 1 3 . 1 1 1 1 1 . .
1 185 030 1 4 2 1 1 1 1 3 2 1 1 . . . 1 .
1 354 320 . 1 1 1 2 2 1 2 . 1 . 1 . 1 1 .
1 361 920 1 3 2 1 1 1 1 3 . 1 1 1 1 . 1 .
1 361 920 1 2 2 . . . 2 1 1 . 2 . 1 . . 1
1 361 920 1 2 2 . . . 2 1 1 . 2 . 1 . . 1
1 575 936 1 5 4 2 2 4 3 5 2 2 2 1 1 1 . .
1 625 184 . 4 2 . . . 2 3 2 1 2 . 1 . . 1
2 031 480 . . 1 1 1 1 1 3 . 1 1 1 1 2 1 .
2 407 680 1 2 2 . . 1 3 2 1 . 2 . 1 1 1 1
2 661 120 . 5 2 2 1 1 3 3 2 1 1 . . 2 1 1
2 985 984 . 3 3 2 3 4 2 7 1 3 2 2 2 2 1 .
3 424 256 . 3 3 1 . . 2 5 1 1 3 1 2 2 1 1
3 878 280 . 4 2 . . . 5 3 2 1 3 . 1 2 1 2
4 561 920 1 5 6 2 . 3 5 7 2 1 5 . 2 2 1 2
5 103 000 . 6 6 2 1 1 3 11 2 3 5 2 4 3 1 1
5 103 000 . 6 6 2 1 1 3 11 2 3 5 2 4 3 1 1
5 332 635 . 5 5 1 . 1 5 8 2 2 5 1 3 3 1 2
2. The blocks of HN
The distribution of the ordinary irreducible characters of HN into blocks is easily determined
from the associated central characters. A method based on this relationship has been imple-
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The block invariants
B d(B) k(B) (B)
1 6 45 16
2 1 5 4
3 0 1 1
4 0 1 1
5 0 1 1
6 0 1 1
Table 5
A basic set for the principal block
i χi (1)
1 1
2 133
4 760
5 3344
8 8910
6 8778
9 9405
13 65 835
i χi (1)
15 69 255
17 214 016
19 270 864
23 406 296
21 374 528
27 718 200
32 1 185 030
35 1 361 920
Table 6
Basic sets for the blocks of defect one and zero
i χi (1)
24 653 125
45 3 200 000
43 2 784 375
54 5 878 125
i χi (1)
25 656 250
26 656 250
40 2 375 000
48 4 156 250
mented in the computer algebra system GAP, [GAP06]. We use this implementation in form of
the GAP command PrimeBlocks to obtain the summary in Table 4. Note that there are just
two blocks of non-zero defect: the principal block and a block of defect one. The latter has been
fully analyzed in [HL89]. Since the irreducible modular characters for all non-principal blocks
are known, we focus on the principal block of HN.
In Tables 5 and 6 we list irreducible ordinary characters of HN whose restrictions to the 5-
regular classes give a Z-basis for the Z-span of the modular irreducible characters of HN for
each of the blocks. We call such a set a basic set of the block. Note that in the tables the ordinary
characters are numbered corresponding to their order in the GAP-character table of HN. The
basic set of the principal block will be used later to verify that a particular set of 5-regular class
functions gives a basis of the Q-span of the modular irreducible characters belonging to the
principal block.
3. Outline of the proof
The starting point is the irreducible HN-representation of degree 133 over GF(5). Matrices for
representatives of standard generators of HN can be downloaded from the Atlas of Finite Group
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tation of degree 133 of HN over GF(5), see [RW94]. Furthermore, its modular character is the
restriction of either of the ordinary irreducible characters χ2 or χ3 of degree 133, see [RW94].
We will follow the custom of denoting representations by their degree, so the representation of
degree 133 will be abbreviated as 133. Also, for brevity, F will denote the field GF(5) in the
following.
It is useful to have access to other small matrix representations of HN. Accordingly, we use the
C-Meat-Axe implementation of the Meat-Axe, see [Par84] and see [Rin94], to compute matrix
representations corresponding to all composition factors of the symmetric square S2(133) and
the skew square
∧2
(133). The decompositions into composition factors provided by the C-Meat-
Axe are S2(133) = 1 ⊕ 133 ⊕ 2451 ⊕ 6326 and∧2(133) = 626 ⊕ 8152. In particular we obtain
irreducible matrix representations of HN with degrees 626,2451,6326, and 8152.
We determine the modular characters for 626 and 2541 directly using GAP as follows: conju-
gacy class representatives for the conjugacy classes of elements in HN can be derived from the
information for HN given on the Atlas of Finite Group Representations web-site, see [W+05],
and the modular character values can be computed using the GAP command BrauerCharac-
terValue. The modular characters of 6326 and 8152 follow easily since we know the modular
characters of S2(133) and
∧2
(133).
A glance at the dimensions of the higher symmetrized tensor powers of 133 and the degree of
the smallest non-trivial permutation representation of HN should convince the reader that a direct
analysis of further representations is not feasible using the Meat-Axe alone. We try to determine
the composition factors of these representations using condensation, which was introduced in
[Tha81]. Condensation is a very powerful tool for analyzing the structure of representations
of a finite group that are too large to be studied directly using the C-Meat-Axe. An in depth
description of condensation is available in [Lux97], more basic descriptions are given in [LP91]
and [Ryb90].
In order to apply condensation, we choose a subgroup K of HN of order coprime to 5,
called a condensation subgroup, and elements g1, . . . , gr in HN. Let eK := 1|K|
∑
k∈K k de-
note the fix idempotent of FK and denote by C the subalgebra of eKFHNeK generated by
eKg1eK, . . . , eKgreK . In our case K will be of isomorphism type 34: 2(A4 ×A4). We then con-
dense, i.e. compute the C-modules V1eK↓C, . . . , VleK↓C for several FHN-modules V1, . . . , Vl .
Applying a proposition from [HHM99] will enable us to write down a set BA of class functions
on the 5-regular classes of HN from the modular characters ϕV1, . . . , ϕVl . This set BA will be a
basis for the Q-span of the irreducible modular characters of HN, such that all the irreducible
modular characters are positive, integral linear combinations of elements in BA. We call BA
therefore a basic set of Brauer atoms. Note that we can think of BA as giving lower bounds for
the irreducible modular characters of HN. If we could furthermore prove that the algebra C is the
Hecke algebra eKFHNeK , we would be able to conclude that the set BA gives the irreducible
modular characters. Unfortunately, we do not have a practical criterion applicable to eKFHNeK
with K as above that would guarantee that we have indeed constructed the full Hecke algebra.
However, there is an efficient, practical criterion given in [Noe07] which works for a condensa-
tion subgroup H whose normalizer has a relatively small index in the whole group.
We show that the basic set of Brauer atoms gives the correct modular table of HN, by actually
choosing a condensation subgroup H of HN.2 suitable for this criterion and we condense just
one tensor product whose restriction to HN contains all the relevant simple FHN-modules in the
principal block. From the decomposition of this condensed module as an eHFHN.2eH -module
we finally derive that the basic set of Brauer atoms indeed gives the 5-modular character table
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down the modular table of HN.2. The last step consists of condensing a few more FHN.2-modules
whose decompositions determine the 5-modular character table of HN.2.
Note that in principle the modular table could have been computed using only the subgroup H .
However, K is much larger than H and therefore the condensed modules in this case are much
smaller and easier to handle.
4. The simple group HN
As our first condensation subgroup K for HN we choose the commutator subgroup of the
13th maximal subgroup 34: 2(A4 ×A4).4 as listed in the Atlas of Finite Groups, see [CCN+85].
K has index four in the maximal subgroup and has the structure 34: 2(A4 × A4). In order to
use this subgroup as a condensation subgroup, we compute an explicit straight-line program that
constructs generators of K given standard generators of HN. This straight-line program can be
obtained from the authors by request.
We select six elements g1, . . . , g6 of HN and choose the condensation algebra C to be the sub-
algebra of eKFHNeK generated by eKg1eK, . . . , eKg6eK . In Table 7 we give the multiplicities
of the simple C-composition factors of 22 condensed FHN-modules. We condense two types
of FHN-modules: symmetrized tensor powers of 133 and 626 and transitive FHN-permutation
modules, as indicated in the first column of the table. (Note that for symmetrized tensor powers
we adopt the notation of [Ryb01].) This is followed by a column listing the dimension of the con-
densed modules, which we compute using the formula dimK(V eK) = 〈ϕV ↓K,1K〉, where 1K is
the trivial modular character of K and V is an FHN-module with modular character ϕV . The
actual computation of the condensed modules uses two different implementations of conden-
sation: the implementation for symmetrizations described in [Ryb01], and for the permutation
modules the implementation in the C-Meat-Axe, see [Rin94]. The columns corresponding to the
C-composition factors of the condensed modules follow and each of these columns is labeled by
the dimension of the composition factor and a succeeding letter to distinguish modules of the
same dimension.
In order to make use of this table, recall the setting of Proposition 1 stated in [HHM99]. Let
G be a finite group, K a condensation subgroup, and denote by C a subalgebra of the Hecke
algebra eKFGeK . Let S1, . . . , Sl be the simple FG-modules in a union of FG-blocks B and let
IBr(B) = (ϕS1 , . . . , ϕSl ) be their modular characters. Denote by V := (V1, . . . , Vl) a collection
of FG-modules with the property that their modular characters Φ := (ϕV1 , . . . , ϕVl ) form a basis
for the Q-span of IBr(B). Moreover, let S := (S1e, . . . , Sle) be the collection of the condensed
simple FG-modules. Furthermore, let T := (T1, . . . , Tl) be the C-composition factors of the C-
modules V1e↓C, . . . , Vle↓C . We denote by EVT the matrix recording the multiplicity of T1, . . . , Tl
as a composition factor of V1eK↓C, . . . , VleK↓C , by EST the matrix recording the multiplicity of
T1, . . . , Tl as a composition factor of S1eK↓C, . . . , SleK↓C , and finally by DVS the matrix record-
ing the multiplicity of S1, . . . , Sl as a composition factor of V1, . . . , Vl . With these definitions it
follows that EVT = DVS · EST and we get the following theorem, see [HHM99]:
Theorem 4.1. If EV has full rank l then BA := (EV )−1 ·Φ is a basic set of Brauer atoms for B .T T
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an invertible matrix with non-negative integer entries, we get
EST BA = EST
((
EVT
)−1
Φ
)= EST (EST )−1(DVS )−1Φ = (DVS )−1Φ = IBr(B),
and the claim follows. 
We apply this theorem using the FG-modules given in Table 7. It is easily checked in GAP
using the basic sets given in Section 2 that the modular characters of these FHN-modules form a
basis for the Q-span of the modular characters of all blocks, except for the two blocks of defect
zero corresponding to ϕ18 and ϕ19. Furthermore, as a simple GAP computation shows, the matrix
EVT given in Table 7 has full rank. We therefore conclude that (E
V
T )
−1Φ together with the defect
zero characters ϕ18, ϕ19 forms a basic set of Brauer atoms BA for HN.
Theorem 4.2. The set BA of Brauer atoms is the set of irreducible 5-modular characters of HN.
We give a proof of this theorem in the next section, in which we deal with the automorphism
group of HN. There the claim follows naturally by considering an appropriate tensor product of
modules. Note that if the condensation algebra C happens to be the full Hecke algebra eKFGeK
then the matrix EST is the identity matrix and BA is IBr(B). We have observed in numerous
examples that generating the full Hecke algebra is not a problem, in contrast to verifying this
claim. So in all likelihood, applying the above theorem, one is already given the modular table.
5. The automorphism group HN.2
The outer automorphism group of HN is cyclic of order two and we denote the non-trivial
outer automorphism by α in the sequel. The characters of HN.2 fall into eight 5-blocks whose
invariants are given in Table 8.
By Clifford’s theorem every irreducible modular character of HN gives rise to one or two
irreducible modular characters of HN.2, and all irreducible modular characters of the automor-
phism group may be determined in the following manner: An irreducible modular character of
HN is either invariant under the outer automorphism α and thus possesses two distinct extensions
to HN.2, or the modular character fuses with its α-conjugate and the induced character is an
irreducible modular character of HN.2.
If c and d are standard generators for HN.2 (see [Wil96] for a definition) as given in [W+05],
then we may distinguish both extensions to HN.2 of an α-invariant character ϕ of HN by the
value they take on the element c: If the extension takes a value greater than zero, then we denote
it by ϕ+. In the case that it takes a value which is less than zero, we denote it by ϕ−. A character
ϕ of an α-conjugate pair gives an irreducible modular character of HN.2 by induction, and we
denote this character by ϕ0. It is necessarily zero on all outer classes.
From the ordinary character table of the simple group we may deduce the explicit action of α
on the 5-regular conjugacy classes of HN. Among the known irreducible modular characters of
the non-principal block there is only one pair of α-conjugate characters, namely the characters
of degree 65 650, while the other characters are α-invariant. For these it is sufficient to determine
either of their extensions, as the other may be obtained from it by tensoring with the −-extension
of the trivial character.
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Decomposition of some condensed modules
Module dim 1a 1b 2a 1c 3a 2b 2c 3b 2d 5a 6a 10a 6b 9a 2
1HN 1 1 . . . . . . . . . . . . . .
133 1 . 1 . . . . . . . . . . . . .
626 2 . . 1 . . . . . . . . . . . .
2451 1 . . . 1 . . . . . . . . . . .
Λ2(133) 4 . . 1 . . 1 . . . . . . . . .
S2(133) 6 1 1 . 1 1 . . . . . . . . . .
Λ3(133) 26 1 . 2 . . 2 1 1 . . 1 . 1 . .
T 22 (133) 57 . 3 2 3 2 3 1 3 . 1 . 1 . 1 .
S3(133) 53 1 2 1 1 5 4 2 . . 2 . 1 . . .
Λ4(133) 522 1 15 8 4 3 4 12 12 6 4 7 1 3 5 2
T 43−(133) 1709 3 28 34 13 7 17 18 51 8 13 24 9 17 13 5
T 42 (133) 1280 5 29 18 14 19 17 21 32 9 14 12 8 7 12 8
T 43+(133) 1977 3 43 46 23 22 34 28 73 12 24 29 17 22 20 6
S4(133) 800 4 24 14 17 22 21 12 22 6 12 4 6 2 6 4
Λ2(626) 16 1 . 2 . . 1 . 1 . . 1 . . . .
S2(626) 25 2 3 . 1 2 1 2 . 1 1 . . . . .
2451 ⊗ 2451 340 3 9 7 4 6 7 5 13 2 5 4 3 4 3 2
S3(626) 1924 6 41 50 14 9 22 26 73 11 19 37 14 27 15 5
1A12 ↑HN 170 6 12 7 8 13 14 6 3 1 4 . 2 . . .
12HS.2 ↑HN 153 4 8 3 6 9 7 4 3 1 4 . 1 . . .
12HS ↑HN 263 6 14 10 9 10 10 5 11 1 6 3 2 2 . .
1A11 ↑HN 716 9 23 14 10 15 17 17 14 6 7 7 3 3 5 4
328 K. Lux et al. / Journal of Algebra 319 (2008) 320–335Table 8
Blocks of HN.2
B d(B) k(B) (B)
1 6 63 32
2 1 5 4
3 1 5 4
4 0 1 1
5 0 1 1
6 0 1 1
7 0 1 1
8 0 1 1
Table 9
A basic set for the principal block of HN.2
i χi (1)
1 1
2 1
3 266
4 760
5 760
6 3344
7 3344
8 17 556
9 8910
10 8910
11 9405
12 9405
13 16 929
16 131 670
17 138 510
18 214 016
i χi (1)
19 21 4016
20 267 520
22 270 864
23 270 864
24 365 750
25 365 750
26 749 056
32 1 436 400
36 1 185 030
37 1 185 030
38 1 354 320
40 1 361 920
42 2 723 840
45 1 625 184
53 2 661 120
57 2 985 984
As we already know the irreducible modular characters of HN which lie outside of its prin-
cipal block, i.e., the modular characters of the defect zero and defect one blocks, we may now
determine the irreducible modular characters of blocks 2 to 6 of HN.2 easily: The defect zero
characters are established by inspecting the degrees of known irreducible modular characters of
HN. Here we can readily determine 65 6500, which has degree 1 312 500, as well as the two ex-
tensions of both 237 500 and 4 156 250, to be the five characters each lying in a block of their
own.
Decomposition matrices for the defect one blocks have not been published in [HL89]. But
again using our knowledge of the modular characters lying outside of the principal block of HN,
and the block distribution of ordinary characters, it follows that the decomposition matrix for
either block is the one given in Table 2, as all characters of these blocks extend to HN.2.
The remaining task to determine the decomposition matrix for the principal block is a lot
more difficult. As an initial approximation of its irreducible modular characters, we choose a
basic set of restricted ordinary characters as given in Table 9. Our task is now to write each basic
set character as the sum of irreducible modular characters. For this task it is useful to have the
complete set of irreducible modular characters of HN at our disposal. Therefore we will first
prove Theorem 4.2 of the previous section.
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we get hold of further small-dimensional simple modules by applying the C-Meat-Axe to the
symmetric and skew square of 133+. Once we have matrix representations for the respective
modules, their extension types are determined by computing the modular character value on the
standard generator c as explained above. In this way we see that S2(133+) = 1+ ⊕ 133+ ⊕
2451+ ⊕6326+ and∧2(133+) = 626− ⊕8152−. In order to prove Theorem 4.2, we analyze the
huge tensor product 8152+ ⊗ 626+, and condense it to allow for a computational treatment. The
condensation subgroup we use is the extra-special normal 2-group 21+8+ of the fourth maximal
subgroup M4 := 21+8+ .(A5 × A5).22 of HN.2.
We ascertain generation of the Hecke algebra eHFHN.2eH by working with a computationally
tractable generating set: In our situation by [Noe07, Theorem 2.7] a so-called inert generating set
is given by the condensed double coset representatives of the condensation subgroup’s normal-
izer N in HN.2 and the condensed generators of N . For our choice of the extra-special 2-group
the normalizer N is the fourth maximal subgroup M4. A calculation of the inner product of the
permutation character 1HN.2M4 with itself in GAP reveals that there are 51 double coset represen-
tatives for M4\HN.2/M4. Ignoring the representative given by the one of HN.2 and counting
the generators of M4, we find a generating set for the condensation algebra which has 52 ele-
ments. Words for the double coset representatives may be obtained with the GAP-package orb
(see [MNN]) by a standard orbit enumeration procedure of the action of M4 on the right cosets
M4\HN.2.
The condensation result of 8152+ ⊗ 626+ is given in the last column of Table 11, in which
we give the multiplicities of the simple eHFHN.2eH -modules whose dimensions may be read
off in the very left column. Using only these condensation results, we can now give the promised
proof of Theorem 4.2 that the set BA of Brauer atoms of the previous section is already the set
of irreducible modular characters of HN:
Proof of Theorem 4.2. For every ϑ ∈ BA we calculate the character theoretic scalar product
〈ϑ↓H ,1H 〉. The resulting integers together with the degrees of the Brauer atoms are given in
Table 10. Note that if ϑ ∈ BA is a proper modular character, then the value of the scalar product
is the dimension to which a module affording ϑ condenses. In particular, since by Theorem 4.1
of Section 4 we know a basic set of Brauer atoms for HN, we see that the fix idempotent of the
second condensation subgroup is faithful, too.
Since the irreducibility of the non-principal block characters has already been established, we
will proceed to prove that the first sixteen Brauer atoms as given in Table 10, which lie in the
principal block, are irreducible.
Let ψ denote the modular character of the tensor product 8152 ⊗ 626 of HN. Then from the
condensation result for 8152+ ⊗ 626+ in Table 11, and together with Table 10, it follows that all
its irreducible constituents lie in the principal block. Note that in order to obtain the multiplicity
of a composition factor of the restricted tensor product 8152⊗ 626, we simply add the multiplic-
ities of the HN.2-modules affording the +- and −-extension of an irreducible character for the
simple group, i.e., the multiplicities of the simple Hecke algebra modules which have the same
dimension.
Thus from Table 10 we obtain the coefficients dϕ , ϕ ∈ IBr(B), of the decomposition ψ =∑
ϕ∈IBr(B) dϕϕ of ψ in the yet unknown set of irreducible modular characters of the principal
block denoted by B . On the other hand, decomposing ψ in BA with GAP, we get the coefficients
of ψ =∑ϑ∈BA(B) aϑϑ , where BA(B) denotes the set of Brauer atoms in the principal block.
From this we observe
∑
ϕ∈IBr(B) dϕ =
∑
ϑ∈BA(B) aϑ .
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Scalar products of restricted Brauer atoms of HN
ϑ(1) 〈ϑ↓H ,1H 〉
1 1
133 9
626 6
2451 35
6326 70
8152 36
9271 43
54 473 149
69 255 135
84 798 250
131 747 187
145 275 455
ϑ(1) 〈ϑ↓H ,1H 〉
170 258 234
335 293 697
638 571 1283
784 379 1231
653 125 1825
65 650 950
65 650 950
2 131 250 4550
237 500 4600
2 678 125 4825
3 200 000 5500
4 156 250 7550
Now, since every modular character is a linear combination of Brauer atoms with non-negative
integer coefficients, i.e., ϕ =∑ϑ∈BA(B) cϕϑϑ for some integers cϕϑ ≥ 0, substitution yields aϑ =∑
ϕ∈IBr(B) dϕcϕϑ . Hence we have
∑
ϕ∈IBr(B)
dϕ =
∑
ϕ∈IBr(B)
dϕ
( ∑
ϑ∈BA(B)
cϕϑ
)
,
and thus for any ϕ ∈ IBr(B) we obtain ∑ϑ∈BA(B) cϕϑ = 1. Therefore we have BA(B) = IBr(B)
and we are done. 
Now that we have established all irreducible modular characters of HN, we attempt to compute
the decomposition of a modular character χ of HN.2 (a basic set character, for example) with the
help of the following method, which relies only on calculation with characters in GAP.
1. We determine the scalar products of χ↓HN with the projective indecomposable characters
of HN. If ψ is an irreducible modular character of HN and Φψ its corresponding projective
indecomposable character, then the scalar product 〈χ↓HN,Φψ 〉 gives the sum of the mul-
tiplicities in χ of both extensions to HN.2 of ψ . Therefore this non-negative integer is an
upper bound for the multiplicity of either extension in χ .
2. Next we consider the restriction of χ to the first maximal subgroup S12 of HN.2 and decom-
pose it in IBr(S12).
3. We may then attempt to work out the decomposition of χ in IBr(HN.2) as follows: Provided
ϕ is an irreducible modular character of HN.2 of whose restriction to S12 the decomposition
in irreducible modular characters is known, the calculation of the multiplicities in Step 2
allows us to determine the maximal non-negative integer mϕ such that the restriction of
χ − mϕ · ϕ to S12 lies in the Z≥0-span of IBr(S12). By Step 1 the integer mϕ is bounded
from above by the scalar product m′ := 〈χ↓S12 ,Φψ 〉, if ψ = ϕ↓S12 . Thus mϕ is an upper
bound for the multiplicity of ϕ in χ and m′ − mϕ is a lower bound for the multiplicity of
ϕ ⊗1− in χ . Now we can replace χ by χ − (m′ −mϕ)(ϕ ⊗1−) and ϕ by another irreducible
modular character of whose restriction to S12 the decomposition in IBr(S12) is known.
Note that in general we do not know the irreducible modular characters of HN.2. How-
ever, we are able to determine the necessary decompositions of these characters into the
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Condensation results for HN.2
1 1 . 2 . . 1 .
1 . . 1 . . . .
6 1 . 2 1 1 3 3
6 . 1 . . 3 4 2
9 1 . 3 1 1 2 5
9 . 1 . . 3 2 2
35 1 . 1 1 . 1 4
35 . 1 . . 2 2 .
36 1 . 2 2 . 1 5
36 . 2 . . 3 4 .
43 . 1 . . 1 1 2
43 . . 2 1 . 1 3
70 1 . 2 2 . . 4
70 . . . . 2 2 .
135 . . 1 . . . 2
135 . . . . 1 1 .
149 . 1 . . 4 7 2
149 . . 1 1 2 4 7
187 . . 1 . . 1 3
187 . . . . 2 3 .
234 . . . . 1 4 .
234 . . . . . . 2
250 . . 1 1 . . 3
250 . . . . 2 3 .
455 . . . 1 . 1 2
455 . . . . 1 2 .
697 . . . . 1 2 .
697 . . . . . . 3
1231 . . . . . . 1
1283 . . . . . 1 2
irreducible modular characters of S12 in parallel to the subtraction procedure above. In par-
ticular, by virtue of the unique class fusion of S12 in HN.2, we may determine the value of an
irreducible modular character of HN.2 on the class 2d from this. Hence we may determine if
it is of + or − type.
To largely preclude man-made errors, this procedure may be automated and we let GAP work
through the legion of cases arising. If a decomposition cannot be uniquely determined, we need
to work subsequently with the different possibilities until all but one can be refuted as erroneous.
Unfortunately, while this method works satisfactorily for the first few basic set characters, the
great leaps in their degrees, which are possible from one character to the next (confer Table 9),
bring about a huge number of cases, ultimately rendering a back-track search useless. There-
fore it quickly turns out that all basic set characters cannot be immediately decomposed by mere
character calculations; our results on the simple group and the restriction to S12 do not provide
enough information. To obtain the necessary further information, we study several tensor prod-
ucts of modules for HN.2, which we condense and then decompose into their composition factors
with the Meat-Axe.
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. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
. . . . . . . . . . . .
1 . . . . . . . . . . .
. 1 . . . . . . . . . .
. . . 1 . . . . . . . .
. . 1 . . . . . . . . .
1 1 . . 1 1 . . . . . .
. . . 1 . . . . . . . .
. . 1 . . . . . . . . .
. . 1 1 . . 1 1 . . . .
1 1 1 . 2 . . . . . . .
1 1 . 1 . 2 . . . . . .
1 1 1 1 1 1 1 1 . . . .Table 12
Decomposition matrix of the principal block of HN.2 (upper half)
1 1 . . . . . . . . . . . . . . . . . . .
1 . 1 . . . . . . . . . . . . . . . . . .
266 . . 1 1 . . . . . . . . . . . . . . . .
760 1 . 1 . 1 . . . . . . . . . . . . . . .
760 . 1 . 1 . 1 . . . . . . . . . . . . . .
3344 1 . 1 1 1 . 1 . . . . . . . . . . . . .
3344 . 1 1 1 . 1 . 1 . . . . . . . . . . . .
17 556 . . . . 1 1 . . . . 1 1 . . . . . . . .
8910 . . 1 . . . . 1 1 . . . . . . . . . . .
8910 . . . 1 . . 1 . . 1 . . . . . . . . . .
9405 1 . 1 . . . . . . . . . 1 . . . . . . .
9405 . 1 . 1 . . . . . . . . . 1 . . . . . .
16 929 . . . . . . 1 . 1 . 1 . . . . . . . . .
16 929 . . . . . . . 1 . 1 . 1 . . . . . . . .
70 224 1 1 1 1 1 1 1 1 1 1 2 2 1 1 . . . . . .
131 670 . . 1 1 1 1 1 1 . . 1 1 . . 1 1 . . . .
138 510 . . . . . . . . . . . . . . . . 1 1 . .
214 016 . . 1 1 . 1 1 1 1 . 1 . . . 1 1 . . 1 .
214 016 . . 1 1 1 . 1 1 . 1 . 1 . . 1 1 . . . 1
267 520 1 . 2 . 1 . 1 . 2 . 2 1 1 1 1 . 1 . 1 .
267 520 . 1 . 2 . 1 . 1 . 2 1 2 1 1 . 1 . 1 . 1
270 864 1 . 1 1 2 1 1 . . . 1 1 1 . 1 1 . . . .
270 864 . 1 1 1 1 2 . 1 . . 1 1 . 1 1 1 . . . .
365 750 . . . . . . . . 4 . 2 . . 1 . . . . 2 .
365 750 . . . . . . . . . 4 . 2 1 . . . . . . 2
749 056 1 1 . . 1 1 . . . . 1 1 1 1 1 1 . . . .
406 296 . . 1 1 1 1 1 1 3 . 3 1 . 1 1 1 . . 1 .
406 296 . . 1 1 1 1 1 1 . 3 1 3 1 . 1 1 . . . 1
1 436 400 . . 1 1 1 1 2 2 2 2 2 2 1 1 2 2 . . 1 1
1 053 360 . . 1 . 1 1 . . . . . . . . 2 2 . . . 1
1 053 360 . . . 1 1 1 . . . . . . . . 2 2 . . 1 .
2 133 054 . . 1 1 2 2 1 1 1 1 2 2 1 1 3 3 . . 1 1
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. . . . . . . 1 . . .
1 . . . . . . . 1 . .
. 1 . . . . 1 1 . . .
. . 1 . . 1 . . 1 . .
. 1 . 1 . . . 1 . . .
1 . 1 . 1 . . . 1 . .
2 . . 1 1 . . . . 1 1
1 1 . 1 . . 1 . . . .
1 . 1 . 1 1 . . . . .
1 . . . 1 . . . . 1 .
1 . . 1 . . . . . . 1
. 1 . 1 . 1 1 1 . . .
1 . 1 . 1 1 1 . 1 . .
. . . . 1 . 1 1 . . 1
2 . . 1 . 1 . . 1 1 .
1 . . . . 1 1 . 1 1 .
. . . . . 1 1 1 . . 1
1 2 . 2 . 1 1 1 . . .
1 . 2 . 2 1 1 . 1 . .
1 1 . 2 . 1 1 1 . 1 .
2 . 1 . 2 1 1 . 1 . 1
2 . . 1 . 1 1 1 . 1 1
1 . . . 1 1 1 . 1 1 1
2 . . 1 1 1 1 1 . 1 1
3 . . 1 1 1 1 . 1 1 1
3 1 1 2 2 2 1 . 1 1 .
2 1 1 2 2 1 2 1 . . 1
3 1 1 2 2 2 1 . 1 1 .
2 1 1 2 2 1 2 1 . . 1
2 1 . 2 1 1 2 1 . 1 1
3 . 1 1 2 2 1 . 1 1 1Table 13
Decomposition matrix of the principal block of HN.2 (lower half)
1 185 030 1 . 2 2 2 . 1 . . 1 . 1 1 . 1 2 1 1 . 1 1
1 185 030 . 1 2 2 . 2 . 1 1 . 1 . . 1 2 1 1 1 1 . .
1 354 320 . . 1 . 1 . . 1 . 2 . 2 1 . 1 1 . . . 1 .
1 354 320 . . . 1 . 1 1 . 2 . 2 . . 1 1 1 . . 1 . .
1 361 920 1 . 2 1 2 . 1 . . 1 . 1 1 . 1 2 . . . 1 1
1 361 920 . 1 1 2 . 2 . 1 1 . 1 . . 1 2 1 . . 1 . .
2 723 840 1 1 2 2 2 2 . . . . . . 2 2 1 1 1 1 . . 2
1 575 936 1 . 3 2 2 2 1 1 1 1 2 2 2 1 3 2 1 1 1 1 1
1 575 936 . 1 2 3 2 2 1 1 1 1 2 2 1 2 2 3 1 1 1 1 1
1 625 184 . . 2 2 1 1 . . . . . . 1 1 2 1 1 1 1 . 1
1 625 184 . . 2 2 1 1 . . . . . . 1 1 1 2 1 1 . 1 1
2 031 480 . . . . 1 . 1 . . 1 . 1 1 . 1 2 . . . 1 1
2 031 480 . . . . . 1 . 1 1 . 1 . . 1 2 1 . . 1 . .
2 407 680 1 . 2 . 2 . . . . . . 1 3 . 1 1 1 . . . 2
2 407 680 . 1 . 2 . 2 . . . . 1 . . 3 1 1 . 1 . . .
2 661 120 . . 2 3 1 1 1 1 1 . 1 . 1 2 2 1 1 1 1 . .
2 661 120 . . 3 2 1 1 1 1 . 1 . 1 2 1 1 2 1 1 . 1 1
2 985 984 . . 1 2 1 2 1 1 . 3 1 3 1 1 3 4 . 1 . 3 1
2 985 984 . . 2 1 2 1 1 1 3 . 3 1 1 1 4 3 1 . 3 . 1
3 424 256 . . 1 2 2 1 1 . . . . . 1 1 2 3 . 1 . 1 2
3 424 256 . . 2 1 1 2 . 1 . . . . 1 1 3 2 1 . 1 . 1
3 878 280 . . 2 2 1 1 . . . . . . 2 3 1 2 1 1 . 1 1
3 878 280 . . 2 2 1 1 . . . . . . 3 2 2 1 1 1 1 . 2
4 561 920 1 . 3 2 4 2 1 1 . . 1 2 3 2 3 4 1 1 . 1 3
4 561 920 . 1 2 3 2 4 1 1 . . 2 1 2 3 4 3 1 1 1 . 2
5 103 000 . . 3 3 2 4 1 1 1 . 1 . 1 2 6 5 1 1 2 1 2
5 103 000 . . 3 3 4 2 1 1 . 1 . 1 2 1 5 6 1 1 1 2 3
5 103 000 . . 3 3 2 4 1 1 1 . 1 . 1 2 6 5 1 1 2 1 2
5 103 000 . . 3 3 4 2 1 1 . 1 . 1 2 1 5 6 1 1 1 2 3
5 332 635 . . 3 2 3 2 . 1 . . . 1 3 2 4 4 1 1 1 1 3
5 332 635 . . 2 3 2 3 1 . . . 1 . 2 3 4 4 1 1 1 1 2
334 K. Lux et al. / Journal of Algebra 319 (2008) 320–335For this purpose we continue to work with the condensation subgroup H from above, i.e.,
the extra-special 2-group contained in the fourth maximal subgroup of HN.2, and may therefore
make further use of the fact that we generate the Hecke algebra.
We condense the seven tensor products 133+ ⊗ 133+, 626+ ⊗ 133+, 626+ ⊗ 626+, 2451+ ⊗
133+, 2451+ ⊗ 626+, 6326+ ⊗ 626+, and 8152+ ⊗ 626+ (which we have already considered
above) using the fast algorithm presented in [LNN]. In this order the results of the Meat-Axe
computations are given in Table 11, in which we give the dimensions of the composition factors
and their multiplicities in the tensor products. Note that even though we already know the de-
composition of 133+ ⊗ 133+ through our previous direct computations, we condense this tensor
product to identify the condensed modules which correspond to its simple FHN.2-composition
factors.
While we do not know the modular characters of HN.2 involved in the condensed tensor
products, the condensation results of Table 11 add to the above outlined procedure by giving
the exact multiplicities of the extensions forming the constituents. As we have the full 5-modular
table of S12 at our disposal, we can examine how the characters of the tensor products decompose
when restricted to S12. Combining both insights leads to the knowledge which extensions occur
in the tensor products, and furthermore how they decompose in S12. This allows us to rule out
many possibilities in Step 3 of the above procedure.
The resulting computations are tedious yet straightforward, which is why we choose to omit
them here. It turns out that, while we find unique decompositions in IBr(S12) for all restricted
irreducible modular characters of HN.2, we find two possible decompositions in IBr(S12) for
each of the restricted basic set characters χ53 and χ57. For both characters these decompositions
are interchanged by the outer automorphism, i.e., to obtain one from the other, the signs of the
extension types of their constituents have to be inverted. This ambiguity is not surprising, as from
the ordinary character table of HN.2 we see that χ53 and χ57 respectively possess the irrational-
ities ±√6 and ±√11 on the pairs (24b,24c) and (44a,44b) of algebraically conjugate classes.
From [W+05] we see that given the union of a pair of these classes, it has not been previously
determined in which particular class an element lies. Therefore at the loss of some generality
we are free to decide how to distinguish the algebraically conjugate classes: The decomposition
matrix which we present in Table 12 and Table 13 reflects our choice that 133+ assumes the
value 2 − √6 on the class 24b and 2 − √11 on class 44a.
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